Using the Legendre expansion of the magnetic field distribution, we derive the standard Cauer circuit representation of the frequency-dependent properties of magnetic sheets and discuss its physical meaning. The representation of non-linear inductors is derived so as to apply the Cauer circuit in the dynamic hysteresis modeling of silicon steel. This circuit accurately reconstructs the hysteretic property under pulsewidth modulation excitation using only one or two hysteretic elements.
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I. INTRODUCTION
P ROGRESS in the semiconductor technology has resulted in advanced power control with high-frequency switching operations that induce complex dynamic hysteretic magnetic fields in iron cores. Minor hysteresis loops and eddy-current fields with thin skin depths are significant within these cores.
Several homogenization methods [1] - [5] have been developed for an efficient analysis of the laminated cores that avoid the finite-element division along the stacking direction of the silicon steel sheets. However, an accurate evaluation of the eddy-current field in sheets displaying non-linear magnetic properties is difficult without a 1-D sub-analysis along the sheet-thickness direction [1] - [4] . The sub-analysis requires the division along the thickness direction to skin depth scale. For example, if the skin depth is 0.5 mm at 50 Hz, it becomes 0.05 and 0.01 mm at 5 and 125 kHz, respectively, resulting in a fine element grid for the steel sheet.
An efficient representation of the frequency-dependent properties of magnetic sheets is achieved using the standard and physical Cauer circuit representations [5] - [7] based on the linear eddy-current theory. Although the standard Cauer circuit is obtained directly from the linear theory, it has not been applied to non-linear eddy-current analysis because its physical meaning is unclear. In contrast, the physical Cauer circuit has been used in non-linear analysis because of its clear physical meaning. In the non-linear case, however, the physical Cauer circuit requires more inductive elements than expected from the linear circuit, even after circuit optimization [5] .
Miyazaki et al. [8] discuss the meaning of the truncated standard Cauer circuit with two inductors comparing the homogenization method developed in [2] and [3] based on the Legendre expansion. Here, we derive the standard Cauer circuit directly from the Legendre expansion for the magnetic field to consider the physical meaning of this circuit. The representation of a non-linear inductor is derived to apply the standard Cauer circuit to the dynamic hysteresis modeling of a steel sheet. 
II. DERIVATION OF CAUER CIRCUIT BY LEGENDRE EXPANSION A. Cauer Realization
The magnetic field in the steel sheet of thickness d is governed by
where σ is the conductivity. A linear eddy-current theory for the magnetic sheet gives the relationship between the average magnetic flux density B av and the surface magnetic field H s as
where k = (− j ωσ μ) 1/2 , ω is the angular frequency, and μ is the permeability. By expanding tan(kd/2) or tanh( jkd/2), (2) is represented by the infinite RL ladder circuit [6] , [7] (see Fig. 1 ), where μ and 4/σ d 2 are replaced by the inductance L and the resistance R, respectively. This circuit is called the standard Cauer circuit.
B. Legendre Expansion
Gyselinck and Dular [2] and Gyselinck et al. [3] describe a homogenization method where the magnetic flux density distribution along the thickness direction is expanded as Legendre polynomials [9] 
This section derives the standard Cauer circuit using (3) and the orthogonality of the Legendre polynomials as follows:
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By defining
(1) is rewritten as
Using the relations (7) is written as
where
From (9) and orthogonality (4)
is obtained. As the surface magnetic field H s is given as
(12) describes the equation of state for the standard Cauer circuit of Fig. 1 , where
The physical meaning of the standard Cauer circuit was discussed in [8] and is given as follows. When the frequency is low, h 0 (t) (≈H s (t)) is the dominant current and the flux change d 0 /dt = Ldh 0 /dt induces an eddy-current h 2 (t) ≈ (d B av /dt)/(3R). Accordingly, the magnetic flux 2 = (L/5)h 2 is regarded as the secondary flux generated by the induced current h 2 . This explanation is supported by the Legendre expansion. The uniformly distributed magnetic flux density b 0 P 0 induces the eddy current distributed linearly along the z-direction, which yields the parabolically distributed b 2 P 2 . Furthermore, (3), (6) , and orthogonality (4) give the magnetic energy w(t) per unit volume as
Note that the energy associated with the flux distribution μh 2n (t)P 2n (2z/d) in the magnetic sheet coincides with the energy stored in the inductor L/(4n + 1) of the Cauer circuit. The physical magnetic energy in the magnetic sheet is conserved in the Cauer circuit representation. By truncating the standard Cauer circuit (Fig. 2) , they can be converted to equivalent types of RL ladder circuits (Fig. 3) . These circuits are called physical Cauer circuits, because the ratio of the inductances corresponds to the nonuniform physical division [5] - [7] of the half thickness d/2. The truncated circuit shown in Fig. 2(a) is the same as the circuit in Fig. 3(a) , which in the classical eddy-current theory represents
The equivalence of the truncated standard Cauer circuit to the homogenization method in [2] and [3] is proved in the Appendix. 
From (2), the infinite Cauer circuit gives the iron loss as
Equating (17) with (18), the frequency range where the truncated Cauer circuit is applicable is evaluated as
Equation (19) implies that a small increase of N results in a large increase of frequency range. 
C. Non-Linear Inductors
and replacing μ and L by μ d , (7), (9), and consequently (12) hold. By setting [8] proposed a finite-difference approximation
where ε is a constant and H dc is affected by the history of 0 and 0 + ε 2n .
To represent the non-linear inductor L/(4n + 1) (n = 1, 2, . . .), we propose a rough approximation using (20). By neglecting hysteresis, H dc is approximated by a singlevalued function H 0 (B) to give the differential permeability
To approximate H dc , two types of single-valued functions are examined + 1) 2n ), which does not give more accurate results than (24) [8] .
III. NUMERICAL RESULT The B-H loops and the iron losses of a non-oriented silicon steel sheet, JIS: 35A300 were measured with a single sheet tester using two types of PWM waveforms, for which the fundamental and carrier frequencies are 50 Hz and 10 kHz. The static hysteretic property H = H dc (B) for the steel sheet is represented by the play model [10] . The measured B av is given to simulate the surface field H s . Fig. 5 (a) shows the simulated B-H loops produced by the standard Cauer circuit, shown in Fig. 2(a) , which is equivalent to the classical eddy-current theory. Fig. 5(b)-(d) given by the circuit shown in Fig. 2 Fig. 3(b) and the 1-D finite-element eddy-current analysis along the z-direction with ten first-order elements. Assuming that 2n is small, ε in (24) is set to 1. 
From (27), we have
Using the truncated Legendre expansion
Gyselinck and Dular [2] and Gyselinck et al. [3] integrate (1) twice with respect to z to obtain 
